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5 Natural Transformations
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5.1 Natural transformations in theory
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5.1.1 Definition
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5.2 Natural transformations in Haskell
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Just :: forall a. a — Maybe a
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Just : Iy — Maybe
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5.2.1 Lemma

Just : Iy — Maybe

5.2.2 Prrof
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Just . Iy f == fmap f . Just
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maybeToList :: forall a. Maybe a -> [al
maybeToList Nothing = []
maybeToList (Just x) = [x]

listToMaybe :: forall a. [a] -> Maybe a
listToMaybe [] = Nothing
listToMaybe (x:xs) = Just x
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Nothing DBEH
(maybeToList . fmap f) Nothing
= maybeToList Nothing

=

(fmap f . maybeToList) Nothing
= fmap f ||

=

Just x DIBFE

(maybeToList . fmap f) (Just x)
= maybeToList (Just (f z))

= [f ]

(fmap f . maybeToList) (Just x)

= fmap f [z]

= [fa]

5.3 Composing transformations and funcctors
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5.3.1 Definition
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(nE)A == npa
(Hn)B = H(np)
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5.3.2 Lemma
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5.3.3 Proof

Part I
n:F— G,
= Vf:A?B nBoFf=GfonA
= Vf:A?B HnBoFf)=H(GfonA)
= Vf:A?B H(nB)o H(Ff)=H(Gf)o H(nA)
= Vf:A?B (Hn)Bo (HF)f = (HG)f o (Hn)A
= Hn:HF = HG
Part II

n:F->G

Vf:AzB nBoFf=GFonA

Vf:A e B n(EB)oF(Ef)=G(Ef)on(EA)
VA e B (nE)Bo(FE)f=(GE)fo(nE)A
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nE:FE - GE
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5.3.4 Definition
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5.3.5 Lemma
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idp : F = F,
un: F— H,

idgn = n = nidr

5.3.6 Proof

omitted :)



